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cial energy, wetting potential, or elastic energy� and the dominant mass transport process �diffusion or
attachment-detachment�.
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Solid films, deposited on crystal surfaces by means of
various epitaxial growth techniques, exhibit a wide range of
shapes ranging from atomically flat films to scattered islands.
The morphology obtained from the growth process may be
stable or may undergo some instability, such as reshaping of
the islands1 or dewetting of films.2–4 This complex postdepo-
sition dynamics is driven by the reduction of the adsorbate
free energy. Nevertheless, the precise evolution of the system
crucially depends on mass transport processes. A major lim-
iting effect in the kinetics of shape relaxation is the nucle-
ation barrier for the formation of new atomic layers on a
facet.5–8 Because of the large times needed to overcome this
barrier, islands often cannot retrieve their equilibrium height
when their top is facetted. However, a small misorientation
of the substrate with respect to the top facet—i.e., a vicinal
substrate—allows for a different pathway to reach equilib-
rium. A change in the island height is indeed obtained from a
drift of the island. Such a spontaneous drift associated with a
nucleationless shape relaxation was recently discovered in
dewetting experiments.9 Since most wafers exhibit spurious
misorientations due to imperfections in the growth and
cleaning processes, the drift is expected to be a generic fea-
ture and should be observed on a wide variety of surfaces.
Moreover, such a drift may be used to transport mass at the
surface, so as to obtain controlled island positioning on pat-
terned substrates.10

In this Rapid Communication, we show that island relax-
ation exhibits distinctive behaviors depending on the domi-
nant driving force �interface energy, wetting potential, or
elastic energy� and the dominant mass transport process �dif-
fusion or attachment-detachment�. Moreover, we report on
some unexpected behavior. �i� When the system is driven by
interfacial energy or by a monotonically decaying wetting
potential, islands exhibit a transient elongation perpendicular
to the drift, in agreement with experiments.9 �ii� When the
elastic energy dominates, a much stronger—but still
transient—elongation results from a well-known shape tran-
sition first identified by Tersoff and Tromp.1 An elongation
perpendicular to the drift is dynamically favored. �iii� When
mass transport is limited by diffusion, the drift velocity is
independent of the island volume.

Schematics of the model are presented in Fig. 1. The is-
land is rectangular, and the vicinal substrate is misoriented

with a small angle �. In the following, we shall neglect con-
tributions ��2. Nucleation of new layers on the top facet is
absent, due to the existence of a nucleation barrier,5,6 and the
sides behave as rough surfaces. Such a model mimics the
islands observed in Ref. 9 and aims to describe more gener-
ally flat islands with a top facet. Choosing the origin of the x
axis at the intersection between the top facet plane and the
substrate, the local height of the island along z reads h�x�
=x tan���. The positions of the upper and lower sides are
denoted as xU and xD and that of the lateral sides are y+ and
y−. The average island position X= �xU+xD� /2, and the aver-
age height H are related to the island volume V via
H=X tan���=V / �lTl��, where lT=xD−xU and l�=y+−y−.

We assume that the film edge of height h� is circular, with
a large radius R��h� , lT , l� ,X, so that the island is always
approximately in the center of the denuded zone, as in Fig. 1.
Global mass conservation imposes �R�

2h�=V.
Mass conservation at the island edge positions

�i=xU ,xD ,y+ ,y− reads d�i /dt=Ji / �dV /�d�i�, where � is the
atomic volume. The total mass flux arriving on side
i=U ,D ,+ ,− is Ji=Ji

�+Ji
�, where Ji

� and Ji
� indicate the

fluxes coming from island top facet and from the substrate,
respectively. A simple ansatz is designed for diffusion-
limited transport,
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FIG. 1. A rectangular island on a vicinal substrate. In the first
stage, the island grows by mass transfer from the film of thickness
h� and a denuded zone surrounds the island. In the second stage, the
initial film has disappeared by mass transfer to the islands.
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Ji
	 = Li

D	ceq
	

kBTdi
	 �
	 − 
i� , �1�

where 	 is � or �. For each side i of length Li, the distance
to the center of the top facet is di

�. We have defined the
diffusion constant and the equilibrium concentration of mo-
bile atoms on the island facet D� and ceq

� and on the bare
substrate D� and ceq

� . The chemical potentials of the sides are
defined as 
i= �dE /d�i� / �dV /�d�i�, where E is the total is-
land energy. The chemical potential on the top facet 
� is
fixed by the mass conservation relation �i Ji

�=0.
We decompose the diffusion field on the bare substrate

between the island and the film edges in two zones, depend-
ing on the distance d to the center of the island: zone I,
where d�R�, and zone II, where R��d�R�. In the junc-
tion between the two zones, at d=R�, the chemical potential
is 
�. In zone I, mass transport is modeled via Eq. �1� with
the diffusion length di

�=R�−di
�. In zone II, we assume that

the adatom concentration is axisymmetric and only depends
on d. Solving the diffusion equation for the adatom concen-
tration in zone II, the total mass flux from the film edge is
found to be

J� =
2�D�ceq

�

kBT ln�R�/R��
�
� − 
�� , �2�

where 
�=��−�S /R�+�T /h�� is the film edge chemical po-
tential. Mass conservation in the depletion zone �iJi

�=J�

fixes 
�. Finally, we use a simple ansatz: R�=x�lT+ l��.
Comparing the full numerical solution of the diffusion field
around a rectangle with our model, the best fit is obtained for
x�3 /4.

We consider a total free energy E=EI+EE, where EE is an
elastic energy. We shall first discard EE and consider a free
energy contribution of the form

EI = �S�hU + hD��l� + lT� + V�xU,xD�lTl�, �3�

where hU=h�xU�, hD=h�xD�, and �S is the surface free en-
ergy on the sides. Moreover,

V�xU,xD� = �T +
1

lT
�

xU

xD

dxW�h�x�� , �4�

with �T=�top+ ��int−�sub� /cos �, where �top, �int, and �sub
are the free energies of the top facet, the island substrate, and
the bare substrate, respectively. Finally, W�h� is a wetting
potential which may account, e.g., for elastic coupling of the
surface and interface stresses,11 electronic energies,12 or the
van der Waals energy.13

The model dynamics is then composed of two main
stages. First, the island grows by mass transfer from the film.
Second, the initial film has completely disappeared, and the
island drifts downhill without �or with very slow� change of
the total volume.

Let us start with the growth stage. When ��1, with
�=D�ceq

� / �D�ceq
� �, there is no drift, and xU tends to a con-

stant. The aspect ratio converges to a constant rsat, obeying

2�
rsat�1 − 2
� − 1

�rsat + 1��1 + 2
 + f�
=

4
 − 1

�rsat + 2��1 + 
�
, �5�

with f = f�x ,r�=2r / �2x�r+1�−1� and 
= f�x ,1 /r� / f�x ,r�.
We find rsat�9.4 for �→0, monotonously decreasing to
rsat�5 for large �. From an asymptotic analysis of Eq. �2�,
we also obtain that V� t up to logarithmic corrections. In
addition V�rsatlT

3 tan � /2, so that lT� l�� t1/3.
When ��1, r also reaches a constant value, approxi-

mately given by Eq. �5�, but xU is not constant anymore and
the island drifts. Experiments9 indicate that the island drifts
in the growth stage, showing that ��1. Note that, when
�→�, the model is not consistent anymore because the
depletion zone radius R� is not much larger than the drift-
induced island displacement X.

However, the asymptotic behavior is not necessarily
reached in experiments. Using typical orders of magnitude
for Cu islands on Ru substrates,9 �=3.4�10−3, �=12 Å3,
and h�=2.1 Å, we choose D�ceq

� =1.1�105 s−1 so that the
numerical solution of our model provides the observed maxi-
mum island volume at t=10 min. With these parameters, the
aspect ratio increases up to r�2.8�rsat, in good agreement
with the observed maximum aspect ratio at 10 min: r=2.6.9

The result depends weakly on �T /�S and �.
Once the initial film has disappeared by mass transfer to

the islands, we reach the second stage of the dynamics. We
neglect mass exchange between different islands, which
leads to a slow Ostwald ripening process, and focus on the
consequences of mass transport on one island. In this regime,
Ji

� vanish and V is conserved. We obtain two dynamical
regimes: fast relaxation at constant position X and fast relax-
ation at constant l� when l�� lT or xU→0.

The numerical solution of the full model, shown on Fig.
2�a� for W�h�=0, clearly indicates the two expected regimes.
As a consequence, the dynamics of an island with initial
aspect ratio rinit�1 is composed of three phases. First, a
decrease of lT at constant l� leads to an increasing aspect
ratio r= l� / lT up to a maximum rmax

I . Second, a relaxation at
almost constant X leads to the decrease of r. Third, the island
drifts slowly, while r�1. The drift stops when the island
reaches its equilibrium height.

In the limit where the island is far from its initial position
X� lT, which implies V�xU ,xD���T+W�H�, and for an ini-
tial aspect ratio r=rinit, we find

rmax
I � 	 V�Hmax�

2�S tan �

1/4

rinit
3/2 , �6�

where V�H�=�T+W�H�−HW��H� and Hmax
=V1/3rmax

I �tan � /2�2/3 /rinit
4/3. A quantitative analysis of Eq. �6�

is delicate because we do not know rinit. Indeed, the experi-
mental initial condition corresponds to the result of the
growth stage discussed earlier.

We shall now analyze the drift velocity, focusing on the
limit where the island is flat and far from its equilibrium
shape, i.e., lT , l��2H�S /V�H�. Then, an expansion for
X� lT provides us with the drift velocity
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�tX =
�2D�ceq

�

kBT

V�H�
X3 tan2���

, �7�

which is independent of V. This leads to X� t1/4 when
W�H���T, in agreement with the scaling proposed in Ref.
9. In experiments, H�53 monolayers after 100 min. Using
Eq. �7� with the numerical value D�ceq

� =1.1�105 s−1 ex-
tracted above and a typical value �T�1 J m−2, we obtain
��40 �i.e., D�ceq

� =4�106 s−1�. Such a result is in qualita-
tive agreement with the previous statement ��1 obtained
from the existence of a drift in the growth stage.

In contrast, the driving force may be dominated by the
wetting potential W�H���T. Assuming W�H��H−� leads
to a different scaling behavior X� t1/��+4�. The exponent �
depends on the physical origin of the wetting potential:
�=2 for van der Waals forces13 or �=1 for surface-interface
stress coupling.11 In the presence of an oscillatory wetting
potential caused by electron confinement,12 the island could
stop in a state with V�H�=0.21

Let us now consider the elastic energy induced by the
lattice mismatch between the island and the substrate. Here,
we focus on the second stage of the dynamics, where mass
transport essentially occurs on the island. In the limit where

the island is flat �i.e., H� lT , l�� and in the absence of dis-
locations, we may follow the approximation in Ref. 1. The
total surface force density f�r� is the sum of a surface force
density � tan � at the interface under the island and of four
linear force densities �h�x� along the sides. The total elastic
energy reads

EE =
1

2
� dr� dr�G j,k�r − r��f j�r�fk�r�� , �8�

where r ,r� are two-dimensional vectors in the x ,y plane and
G j,k is the surface elastic Green’s function.14,15 We assume
that ��1 and G j,k is calculated as if the substrate was along
the x ,y plane. We introduce a cutoff d0 in Eq. �8�, which can
be related to observable quantities such as a formation
length16–18 or the width of the sides.1

The energy EE exhibits a minimum at xU=0 when
V�Vc�390d0

3 tan���. For V�Vc, the minimum is at
xU�0, and a drift is expected. Figure 2�b� shows the dy-
namical flow of the island when V�Vc. For the same reason
as in the interfacial energy driven evolution, the downhill
drift is first accompanied by an elongation perpendicular to
the drift. But after this initial dynamics, the islands exhibit a
much larger elongation, which can be traced back to the
shape instability for islands with fixed height identified by
Tersoff and Tromp.1 These authors indeed found that while
the equilibrium shape of small islands is a square, large is-
lands exhibit an elongated equilibrium shape. Note that an
elongation along y is favored by the initial dynamics with
r�1.

The maximum aspect ratio is obtained in the limit
X� lT and l�� lT as

rmax
E = CV1/2 tan���−1/2d0

−3/2e−3�3+��/8�1−��, �9�

where C�0.175 and ��0.3 is the Poisson ratio. In contrast
to Eq. �6�, we now find that rmax

E does not depend on the
initial aspect ratio.

A typical value of d0 can be extracted from experiments.
In order to do so, we consider an elongated rectangular is-
land of lateral lengths � and �, with ��� and �→0.
Energy minimization at fixed V and X �or H� leads to �
=2d0 exp�1 / �1−���, and

EE�H,V =
�2�1 − �2�

�Yd0
HVe−1/�1−��, �10�

where Y is the substrate Young modulus. Comparing � to the
width of elongated islands of CoSi2 /Si�100�,19 we find
d0�8 nm. From Eq. �9�, on a vicinal surface with �=0.01
with a typical volume V=106 nm3,19 we find rmax

E �13 for
CoSi2 /Si�100�.

After the maximum aspect ratio has been reached, the
elongated island exhibits a slow drift. The energy �Eq. �10��
of an elongated island behaves as if it was derived from a
wetting potential W�H��H2 and �T=0. Thus, we may use
Eq. �7�, leading to

1/3
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FIG. 2. �Color online� Dynamical flow of an island on a vicinal
substrate from the solution of the full model with conserved volume
V. Lines are obtained from the divergence of the normalized veloc-
ity. Possible configurations are the shaded area to the left of the line
xU=0. The dark gray area corresponds to the regime of fast relax-
ation at constant X and the light gray to fast relaxation at constant
lT. Arrows indicate the direction of the evolution, and a white dot
corresponds to the equilibrium configuration. Thick solid lines in-
dicate the slow dynamics. Model parameters: �=� /100. �a� Inter-
face energy with W�h�=0, �T /�S=0.063; �b� elastic energy, with
V1/3 /d0=102.5. A bifurcation leads to two branches with slow dy-
namics. The dotted line indicates an unstable line.
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�tX =
�2Dceq

kBT

�2�1 − �2�
�Yd0

e−1/�1−�� 1

X
, �11�

so that X� t1/2. Surprisingly, the drift evolution equation for
X is independent of � and V. Furthermore, Eq. �11� is inde-
pendent of the elongation direction.

Finally, elongated islands transform into compact islands
�square up to small corrections ��2� at long times. Compact
islands are obtained for Hd0

2�V�3−23/2�e−23/2−2�/�1−��.
Hence, the bifurcation from elongated to compact, found by
decreasing V at constant H in Ref. 1, is obtained during the
drift on vicinal surfaces by increasing the height H at con-
stant V.

The results of the diffusion-limited dynamics presented
above can be translated to the case of attachment limited
dynamics. The attachment-detachment regime is obtained
upon the substitution20 D	 /d	→�	 in Eq. �1�, where �	 is
independent of the island geometry, and a similar law re-
places Eq. �2�. However, a detailed analysis would be
lengthy, and we shall therefore present the main results, fo-
cusing on the drift regime where V is conserved. Our main
result is that the dynamics is not qualitatively affected, and
dynamical diagrams are similar to those of Fig. 2. Neverthe-

less, different scalings are obtained and the drift velocity
now depends on V.

We first consider the energy EI in the absence of wetting
potential, i.e., W�h�=0. We find an elongation up to
rmax

I = ��T /2�S tan ��1/5rinit
6/5, followed by a drift with

�tX = ��ceqV1/2�T/�2 tan���5/2X7/2kBT� . �12�

This leads to X� t2/9, which could be difficult to distinguish
from the t1/4 obtained in the diffusion-limited regime. An
easier way to identify the limiting mass transport process
would be to check how the island velocity varies with the
volume.

In the case where the elastic energy EE dominates and for
V�Vc, the scalings depend on the direction of the elonga-
tion. If r�1, we find rmax

E ��2V / tan ��2/3 /d0
2 and a subse-

quent scaling �tX�X−1. In contrast, when r�1, we find a
minimum aspect ratio rmin

E ��tan � /2V�3/2d0
3/2 and �tX�X−2.

As a conclusion, we have studied the shape changes and
drift of islands on misoriented substrates. Island elongation
and velocity exhibit distinctive behaviors, depending on the
dominant energy contribution and mass transport process.
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